hep-th/ 99050 15 

May 1999 

Gluino Condensate and Magnetic Monopoles 
in supersymmetric gluodynamics 



On 



X 



N. Michael Davies 1 , Timothy J. Hollowood 2 ' 3 , Valentin V. Khoze 1 

and Michael P. Mattis 2 



1 Department of Physics, University of Durham, 
Durham, DH1 3LE, UK 
l/-) . n . m . davies@durham . ac . uk, valya . khoze@durham .ac.uk 



2 Theoretical Division T-8, Los Alamos National Laboratory, 
Los Alamos, NM 87545, USA 
pyth@schwinger . lanl . gov, mattis@lanl . gov 

^ . ^Department of Physics, University of Wales Swansea, 



Swansea, SA2 8PP, UK 



ft ABSTRACT 



We examine supersymmetric SU(N) gauge theories on IR 3 x S 1 with a circle of circumfer- 
ence (3. These theories interpolate between four- dimensional M = 1 pure gauge theory for 
(3 = oo and three-dimensional Af = 2 gauge theory for (3 = 0. The dominant field configu- 
rations of the IR 3 x S 1 SU (N) theories in the semi-classical regime arise from N varieties of 
monopole. Periodic instanton configurations correspond to mixed configurations of N single 
monopoles of the N different types. We semi-classically evaluate the non-perturbatively gen- 
erated superpotential of the M 3 x S 1 theory and hence determine its vacuum structure. We 
then calculate monopole contributions to the gluino condensate in these theories and take 
the decompactification limit (3 = oo. In this way we obtain a value for the gluino conden- 
sate in the four-dimensional M = 1 supersymmetric SU(N) Yang-Mills theory, which agrees 
with the previously known 'weak coupling' expression but not with the 'strong coupling' 
expression derived in the early literature solely from instanton considerations. Moreover, we 
discover that the superpotential gives a mass to the dual (magnetic) photon, which implies 
confinement of the original electric photon and disappearance of all the massless modes. 



I Introduction 



The main goal of this paper is to provide a new calculation of the value of the gluino conden- 
sate in four- dimensional M = 1 supersymmetric pure SU(N) gauge theory. Our approach 
incorporates recent results and ideas of Refs. . Previous to this, two conceptually differ- 
ent approaches for calculating (^t-) have been followed in the literature: 



1. In the first methodology PHTOll, the so-called strong-coupling instanton (SCI) approach, 
the gluino condensate (^7) is determined directly in the strongly coupled theory using an 

). Cluster decomposition arguments 



explicit one-instanton calculation of ( tr ^ 6 ^2 1 ~ 
are then invoked in order to extract (|§^)- 



tr\ 2 (x N ) 
16tt 2 



2. In the second methodology [[II], the so-called weak-coupling instanton (WCI) approach, 
the calculation is performed with additional matter fields whose presence ensures that the 
theory is weakly coupled and a semi-classical 'constrained instanton' calculation is justified 
|12| . Holomorphicity of supersymmetric F-terms is then used to decouple the matter fields 
and to flow to the original pure M = 1 gauge theory. 



As reviewed in Q, these two methods give two different values for the gluino condensate 



10,11,13,14 



trA 2 
16vr 2 
trA 2 
16vr 2 



sci 



WCI 



[(N- 1)! (3JV- 1)]V^ 
A 3 . 



A 



(1.1a) 

;i.ib) 



These results are quoted in the Pauli-Villars scheme with A being the corresponding dimen- 
sional transmutation scale of the theory. The reason for the discrepancy between the SCI 
versus WCI calculations, as well as the question as to which is correct, has been a long- 
standing controversy fllP, llj 15, 16|. The new ingredient in this old puzzle is the fact that 
over the last few years mute-instanton technology has been developed flT7|-|2*I|| to the extent 
that calculations can be performed in supersymmetric (and in principle non- supersymmetric) 
gauge theories, both in the weak-coupling []I7 and in the strong-coupling regimes pi |, pro- 
viding us with successful quantitative tests of, respectively, the Seiberg-Witten solution of 
M = 2 theories |22|] and the Maldacena duality in the M = 4 theory. In PJ we re- 
examined the gluino condensate controversy using these recently developed methods. In 
particular, we evaluated the large N contribution of k instantons to gluino correlation func- 
tions and demonstrated conclusively that an essential technical step in the SCI calculation 
of the gluino condensate, namely the use of cluster decomposition, is actually invalid. 
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The central idea pursued in the present paper is that there are additional configurations 
which contribute to gluino condensate in the strongly-coupled regime, implying that the 
instanton-induced SCI expression Ql.la ) is incomplete. The existence of other contributions 



necessarily affects the application of cluster decomposition in the following sense. Since each 
single instanton has 2N adjoint fermion zero-modes the /c-instanton configuration contributes 
to the correlation function 

trA 2 (xi) ti\ 2 {x kN ) \ , , 

16tt 2 "' 16vr 2 / ' 1 ' j 

rather than directly to (^t-) itself. In the SCI approach gluino condensate is obtained by 
applying cluster decomposition to (|1.2|) with the additional assumption that the instanton 
calculation averages over the N physically equivalent vacua of the M = 1 theory. In the 
following, we will show that the correlator ( |1.2| ) is not dominated solely by instantons and 
hence the clustering argument must be applied to the complete expression and not just to 
the instanton contribution. This is of course in complete agreement with our earlier observa- 
tion |l| that clustering fails when only multi-instantons are included in the SCI calculation. 
Furthermore, when the theory is partially compactified on K 3 x S , we will identify the config- 
urations contributing directly to (j^) with monopoles. By considering the contribution of 
the monopole configurations, we will be able to argue that the complete strong coupling ex- 
pression for gluino condensate is different from the SCI expression (|l.la| ) but agrees perfectly 
with the WCI result ( |TTb| ). 



It has been suspected for a long time [2|j-]37fl that in the strongly coupled theories, such 
as QCD or its supersymmetric brethren, instantons should be thought of as composite states 
of more basic configurations, loosely referred to as 'instanton partons'. These partons would 
give important and possibly dominant contributions to the non-perturbative dynamics at 
strong coupling. Our intention is to make this idea more precise. A necessary evil in our 
approach is to consider the theory with one of its dimensions compactified.Q To this end, we 
suppose that, say, £4, is periodic with period /3/27T.0 We must then impose periodic boundary 
conditions for bosons and fermions 

A m (x M ,x 4 = 0) = A m (x M ,x 4 = (3) , A(x A1 ,x 4 = 0) = A(x (U , x± = (3) , (1.3) 

1 Our approach is different from the toron calculations of Ref. |28 where all four dimensions were compact- 
ified on a torus. The advantage of our method compared to that of 2i| is that we do not have to fine-tune the 
compactification parameters for the finite- action configurations to exist. We also note that the value gluino 
condensate extracted from the toron approach of |M in the finite-volume torus with the fine-tuned periods 



is difficult to i nterp ret in the infinite volume and its numerical value agrees neither with the WCI ( 1.1b ) nor 



with the SCI ( 1.1a ) results. In the alternative toron set-up advocated in E9(], the fine-tuning problem was 
avoided at the cost of introducing singular toron-like configurations with a branch cut and an IR regulator. 

2 The indices run over m — 1, 2, 3, 4 and fj, = 1, 2, 3. Our other conventions in four and three non-compact 
dimensions as well as instanton and monopole basics follow closely Appendices A and C of Ref. 130] . 
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to preserve supersymmetry. An important additional ingredient, as explained in Sec. II of [|3T 
is that the local gauge group itself must also be composed of 'proper' gauge transformations, 
i.e. those that are periodic on S 1 : 

U(x„,x 4 = 0) = U{x»,xt = l3) . (1.4) 



We will refer to the aforementioned theory as the 'theory on the cylinder M 3 x S 1 ' to 
distinguish it from the finite temperature compactification where the fermions have anti- 



periodic boundary conditions. The situation we envisage is similar to that discussed in p2 
since the theory on M 3 x S 1 interpolates between the four-dimensional M = 1 pure gauge 
theory, for (3 = oo, and a three-dimensional M = 2 gauge theory, for (3 = 0. From now on we 
will work at finite (3 and only at the end of the calculation take the limit of (3 — > oo in order 
to recover the genuinely four- dimensional theory. 



Some time ago, Gross, Pisarski and Yaffe |31| gave a complete topological classification 



of the smooth finite-action gauge fields on M 3 x S 1 which may contribute to the path integral 
in the semi-classical approximation. The relevant configurations are characterized by three 
sets of invariants: the instanton number k, the magnetic charge q, and the eigenvalues of the 
asymptotics of the Wilson line: 

Q = Pexp / dx4 At(x4, — > oo) . (1.5) 
Jo 

One consequence of this classification is that at finite radius (3 instanton configurations do not 
exhaust the set of semi-classical contributions because configurations with magnetic charges 
can — and in fact do — contribute to the non-perturbative dynamics including the value of the 



gluino condensate. Ref. [J3TJ] further argued that in the finite temperature compactification — 
not the one under present consideration — the non-trivial values of the asymptotic Wilson line 
(|1.5|) are suppressed in the infinite volume limit. Consequently, the classically flat directions 

(A 4 ) = diag(ai, a 2 , . . . , a N ) (1.6) 

are lifted by thermal quantum corrections and the true vacuum of the theory is (A 4 ) = 0. 
In this case the configurations with magnetic charges are not relevant and the semi-classical 
physics involves instantons only. Remarkably, for the theory on the cylinder, with periodic 
boundary conditions on the fermions, the argument of JTIj] does not apply and, as we shall 
see, the opposite scenario ensues: 

(i) The semi-classical physics of the M 3 x S* 1 SU(N) theory is described by configurations 
of monopoles of iV different types. 
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(ii) The classical moduli space of the R 3 x S 1 SU(N) theory ( |1.6| ) is lifted in a non-trivial 

way 

... /JV-Itt N-3tt N-ln\ M 

w = dia <— ^ ' Hv-^ ' -nv-^J ' (L7) 

leaving behind iV supersymmetry-preserving vacua labelled by the N discrete values of the 
^-angleP] 



6 u = 2tt(u-1), u = 1,2,...,N. (1.8) 

The N vacua are related to each other by the chiral subgroup Z N , which permutes 6^'s, but 
leaves the Wilson line (|1.7|) unchanged. Each such vacuum contributes a factor of 1 to the 
Witten index tr(— 1) F = N ||33|| . The values of gluino condensate in each of these vacua will 
be related to each other by a trivial phase transformation exp[i6 u /N]. From now on we will 
concentrate on simply one of the vacua, with 6 U = 0. The distinctive feature of (|1.7|) is the 
constant equal spacing between the VEVs ay. 

2tt , 2tt 
— — mod — 

%N(3 i/3 



cij — a,j + i = , — mod — , j = 1, 2, . . . , N . (1.9) 



In general, one would think that the field configurations of the R 3 x S 1 theory which 
are relevant in the semi-classical regime are both instantons and monopoles. Remarkably, 
however, the instanton configurations are themselves included as specific multi-monopole 
configurations. This happens in the following way: first of all, an instanton configuration on 
the cylinder follows from a standard instanton configuration in R 4 [Q by imposing periodic 
boundary conditions in ( |1.3| ). In addition we need instanton solutions in the presence 
of a non- vanishing VEV for the gauge field component v4 4 , or equivalently a non-trivial 
expectation of the Wilson line, as in Eqs. (|1.5f) and ( |1.6|) . Such periodic instantons in the 



presence of a Wilson line were recently analyzed in Refs. [0-0] -Q ft transpires that instantons 
on the cylinder can be understood as composite configurations of iV single monopoles, one 
of each of the N different types P-|7|, |36|,|37j1. One expects in an SU(N) theory on R 4 that 
the lowest charged, or fundamental, monopoles come in iV — 1 different varieties, carrying 
a unit of magnetic charge from each of the U(l) factors of the [/(l)^ -1 gauge group left 
unbroken by the VEV. The additional monopole, needed to make up the iV types, is specific 
to the compactification on the cylinder [0-[5|] and will be called here a KK-monpole. The new 



3 In general, the OF *F term in the microscopic Lagrangian can be rotated away with an anomalous 
chiral transformation of gluinos. However 9 is an angular variable in the sense that 9 = 27m, n £ Z, is 
indistinguishable from 9 = 0. We will demonstrate in the following that the topological charge Q of the 
configurations contributing to the gluino condensate is Q = 1/N and thus the net effect of the OF *F term 
in each vacuum is the phase factor U /N. 

4 For the simpler case of (A4) = periodic instantons were previously constructed in Refs. |n],|3f|. 
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monopole carries specific magnetic charges of the unbroken U(1) N ~ 1 gauge group as well as 
an instanton charge. The magnetic charge of the KK-monopole is such that when all N types 
of monopoles are present, the magnetic charges cancel and the resulting configuration only 
carries a unit instanton charge. 

The AT — 1 fundamental monopoles are the embeddings of the standard 577(2) BPS 
monopole j38|-pl on M 3 spanned by £1,2,3 (independent of the S 1 coordinate £4) in the gauge 
group SU(N). At finite radius /3, these monopoles have finite action and hence contribute 
to the path integral in the semi-classical regime as described in Refs. |42],[|I| and pO| , pE4] ,f45l|. 
The monopole solutions satisfy Bogomol'nyi equations that are precisely the 4D self-duality 
equations^ 

and each solution has two adjoint fermion zero-modes as enumerated by the Callias index 
theorem The same consideration applies to the KK-monopole as well, since it is at 

least formally gauge equivalent to a standard fundamental monopole via an improper (non- 
periodic) gauge transformation M. Since there are two adjoint fermion zero- modes in the 
background of each of the N types of monopoles, these configurations can contribute directly 

to 

The remainder of the paper is organized as follows. Initially, we focus on the case with 
577(2) gauge group; the generalization to SU(N) is then obvious. In general, the theory 
on the cylinder can develop a VEV for the gauge field component along the 5 1 direction, 
Eq. (|1.6| ), which for the case of SU(2) gauge group we parametrize as 

<*> = v Yi s diag ^-^»- 

where v is an arbitrary real parameter which parametrizes the classical moduli space. For 
every fixed v there are actually two distinct vacua corresponding to the choice of theta angle 
Eq. ( |1.8| ). In the Section II, we will show using field theory arguments, backed-up by a 
D-brane analysis, that: 

(i) The classical moduli space is a circle, 

2tt 

veS 1 : 0<v< — . (1.12) 

P 



5 In the usual interpretation of the self-duality equations for the monopole, the time component of the 
gauge field is interpreted as the Higgs field; in the present discussion this field is the component of the gauge 
field along the compact direction. 
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Consequently, v is an angular variable such that for any fixed v ^ 0,2ir/f3, the gauge group 
is broken to U(l). 



(ii) There is a conventional 't Hooft-Polyakov BPS monopole and an additional 'compen- 
sating' KK-monopole, each of which satisfies the self-duality equations Q1.10|) and admits two 
adjoint fermion zero-modes. The singly- charged instanton solution is a composite configura- 
tion of these two monopoles and as expected has four adjoint fermion zero-modes. 

Section III is devoted to an evaluation of the monopole-generated superpotential which 
has the effect of lifting the classical degeneracy parametrized by v. We argue that the true 
quantum vacuum state is simply the point 

7T 

v vac = -jj ■ (1-13) 

Furthermore, at v — v vac the effective potential is zero and supersymmetry remains unbroken. 
Hence, there are two supersymmetry-preserving vacua with ( |1.13| ) and labelled by 9\ = and 



82 = 27r, as per (|1.8| ), in agreement with the calculation of the Witten index tr(— 1) F = 2 p3 |. 
Moreover, we discover that the superpotential not only lifts the classically flat direction, but 
also gives a mass to the dual (magnetic) photon, which implies confinement of the original 
electric photon and disappearance of all the massless modes. 

Section IV then goes on to consider the monopole contribution to the gluino condensate. 
In the quantum vacua, the gluino condensate (j^z) receives contributions from both the BPS 
and KK-monopoles. After summing these contributions, we then take the decompactification 
limit (3 = 00 to obtain the value of gluino condensate in the strongly coupled M = 1 theory 
which agrees with the WCI calculation ( |1 . 1 b| ) . Section V concludes with a brief discussion. 



II Semi-classical Configurations 



In this section, we consider in more detail the configurations which contribute to the semi- 
classical physics for the theory on the cylinder. We begin with a discussion of the SU (2) 
case, follow with an alternative description in terms of D-branes and then indicate how the 
results generalize to the SU(N) gauge group. 
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II. 1 Gauge group SU(2) 



To verify that the classical moduli space is S 1 , consider a non-periodic (hence 'improper') 
gauge transformation || 

7TCC 4 

[/"special = exp (— —T 3 ) . (2.1) 

Improper gauge transformations are treated differently from proper ones in the path integral, 
in the sense that two field configurations related by such a gauge transformation do not belong 
to the same gauge orbit. The transformation [/special; however, has a special property: even 
though it is not itself periodic, [/special^ = 0) = — [/ sp cciai(^4 = ft), the corresponding gauge 
transformed field configurations: 

A' m = exp (^r 3 ) {A m + d m ) exp ( - ^r 3 ) , 

«P ift (99) 

remain strictly periodic, i.e. 

A' m {x fl ,x i = 0) = A' m (x^x 4 = ft) , A'(x At ,x 4 = 0) = \'(x, t ,X4 = P) . (2.3) 



Applied to the third component of the gauge field fll.lip , the transformation [/ spe ciai shifts 
v according to 

Thus, using a sequence of these transformation one can ratchet-down an arbitrary value of 
v G R, to the range specified in ( 1.1 2|) . In fact the sectors of the theory with v = v and 



v = v + 27r/P are physically indistinguishable; one is obtained from the other by relabelling 
the Kaluza-Klein modes of the compact direction, i.e. relabelling the Matsubara frequencies 
u n = 2mr/P with n G Z associated to the compact x^ G S 1 variable. 



The standard BPS monopole solution in Hedgehog gauge is 

Af s (x u ) = (v\x\ cx}th(v\x\) - l)- 



Ixl 2 2i ' , 

(2-5) 

Ar(x„) = (i — — ) ( , " ' 



V 


X 




smh(v 


x\) 



/,i/a |x| 2 22 • 

These expressions are obviously independent of the S* 1 variable x±, since the latter can be 



thought of as the time coordinate of the static monopole. The boundary values of Q2.5|) as 



x 



oo, when gauge rotated to unitary (singular) gauge, agree with ( |1.11| ): 



Af s v £ = (A,) . (2.6) 
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The monopole solution fl2.5| ) satisfies the self-duality equations ( |1.10| ) and has topological 
charge 



Q = f dxj d 3 x tr* F mn F™ = ^ . (2.7) 



There are precisely two adjoint fermion zero modes |46| in the monopole background 
These modes can be generated by supersymmetry transformations of the bosonic monopole 
components in (|2T5|), yielding 

K PS = lU^^Kl 5 • (2.8) 

Here a m and a n are the four Pauli matrices and £p is the two-component Grassmann collective 
coordinate; see footnote 2. Finally, the monopole has magnetic charge one, instanton charge 
zero, and the action S BPS is 

5 BPS = —ofiv . (2.9) 

g 2 

The monopole of the second type — the KK monopole — can be obtained [|j] from the 
expressions ( |2.5| ) by, firstly, replacing the VEV v on the right-hand side of ( |2.5| ) with 2n/(3—v, 
and then gauge transforming the resulting expression with U spec i a \ as in ( |2.2|) . Finally to 
install the original VEV v one performs the reflection v — > —v implemented by the discrete 
transformation f/ re fl = exp[«7rr 2 /4]. The resulting configuration is the KK- monopole 
and, though gauge related to A^ s , it must, as described earlier, be accounted in the path 
integral as contributing to a different topological sector. 



The improper gauge transformation £/ spe ciai changes |3T| the instanton charge, k — >• k + q, 
and reverses the sign of the magnetic charge, q — > —q. Thus the KK-monopole has instanton 
charge k = 1 and monopole charge q — — 1. The KK-monopole is itself self-dual and its 
action and topological charge are: 

Skk = —P (-T - V) , 

9 n P (2.10) 
O - 1-^ 

Z7T 

As for the original BPS monopole, there are two adjoint fermion zero-modes (and no anti- 
fermion zero-modes) in the KK-monopole background:^ 

A* K = \U° m * n )<?FZ ■ (2.H) 



6 The KK-monopole is self-dual and not anti-self-dual, and the fact that it has negative rather than positive 
magnetic charge is irrelevant for the fermion zero mode counting. 



9 



As was mentioned earlier, Ref. [31]] gave a complete topological classification of the smooth 
finite-action gauge fields on M 3 x S 1 in terms of the three invariants: the instanton number 
k, magnetic charge q and the VEV v , in terms of which 



<Scl 

Q 



T 2tt 



k + q 



f3v 
2^ 



[2.12) 



Comparing Eqs. (|2.12 ) for the BPS monopole and the KK-monopole with the charges of 
a single instanton, it is tempting to interpret the latter as the mixed BPS-monopole/KK- 
monopole configuration. This interpretation is made precise in Ref. 0-0, based on earlier 
work of Refs. p6|,|37| and |2[. We also note that the two gaugino zero- modes of the KK- 
monopole combined with the two zero-modes of the BPS-monopole produce the requisite 
four adjoint fermion zero-modes of the SU(2) instanton. 



II. 2 D-brane description 

Identical conclusions to those reached in Sec. II. 1, can be reached in a more geometrical way 
using D-brane technology and for the additional insight that this point-of-view provides we 
describe it here.[] 

For the geometrical interpretation of the construction, the M = 4 case is most straightfor- 
ward; the modification of this set-up relevant to describe the M = 1 theory will be considered 
subsequently. Therefore we begin with two coincident D3-branes whose collective dynam- 
ics is described by M = 4 supersymmetric SU (2) Yang-Mills on the four-dimensional world 
volume H|,|l|. 



We now proceed to wrap the world- volume of our D3-branes on the cylinder M 3 x S , 
with the radius R = /3/2ir. With this accomplished, one performs a T-duality transformation 
along the compact direction. The T-duals of the D3-branes are D2-branes stretched along 
M. 3 and lying orthogonal to the dual circle S* 1 with radius R = a'/ R. In the presence of the 
non-trivial Wilson line Eq. fll.ll ), the D2-branes become separated by a distance 2na'v along 



the direction of the dual circle [Q. Due to the periodicity around the circle, we may restrict 



< 2iroi'v < {27r) 2 a'/f3, which is equivalent to Eq. (|i~T2D . 

In the T-dual picture, a BPS monopole can be represented by a DO-brane of length 
L BPS = 2ira'v stretched between the two D2-branes. The orientation of the DO-brane (whether 
7 For a discussion of Af = 1 theories and instantons in the context of branes see Ref. |47[| . 
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the DO-brane is stretched between the first and second D2-brane, or vice-versa) corresponds 
to positive or negative magnetic charge, i.e. the monopole or anti-monopole. The monopole 
mass is the product of the DO-brane tension r = 2/(a'g 2 ) and the DO-brane length L BPS : 



Attv 

M BPS = t L BPS = — r- , (2.13) 



9 2 



in agreement with Eq. 



Actually, as one might have guessed, there is an infinite tower of monopoles of the same 
magnetic charge coming from the Kaluza-Klein tower over S 1 formed by wrapping the DO- 
brane an arbitrary number of times around the circle. Another way to view the same 
phenomenon, is to consider the freedom to add to a monopole a closed DO-loop starting 
and ending on the same D2-brane and winding around S 1 ; the length of the loop being 
-^loop = (27r) 2 a / / / 9. This DO-loop over the D2-brane can be identified with the instanton. 
Indeed, after the T-duality transformation along the S 1 direction, the D2-brane becomes 
the D3-brane and the DO-loop becomes a D(— l)-brane, or D-instanton. The D3/D(— 1) 
bound-state is the identified with an instanton having charge equal the winding number of 
the DO-loop over S 1 , and vanishing magnetic charge. The instanton action is in a similar 
fashion to Eq. (|2.13 ) 

Shut = f3M inst = (3 t q Li 00 p = — — , (2.14) 

g 2 

in agreement with Eq. (|2.12j ). In summary, the standard BPS-monopole is the lowest-lying 
Kaluza-Klein state with magnetic charge one: the DO-brane between the first and the second 
D2-brane. The monopole of the second type — the KK-monopole — appears as the DO-brane 
between the second D2-brane and the first one (hence the magnetic charge q = — 1) complet- 
ing the dual circle S l (hence carrying instanton number k — 1). Furthermore, the bound-state 
of the standard and the KK-monopole is the DO-loop, i.e. the instanton. Notice that stan- 
dard BPS monopole and the KK-monopole (together with their respective anti-monopoles) 
are the elemental configurations, out of which the whole set of semi-classical configurations 
with arbitrary k and q can be built. 

Although we have described this picture in terms of the M = 4 theory, the whole analysis 
applies to the Af = 1 well with certain modifications. The Af = 1 four-dimensional 

Yang-Mills theory is obtained in a D-braney fashion from a configuration of two coincident 



D4-branes suspended between two NS5-branes, in a manner described in Refs. |5(||5T|. The 
world- volume of the D4-branes is infinite in four directions R 4 and is finite in the fifth direction 
A 5 , which is the separation between the NS5-branes along the D4-branes. Following the same 
line of reasoning as in the Af = 4 case, the infinite part of the world- volume of the D4-branes 
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is put on the cylinder and T-dualized. The T-duals of the D4-branes on A5 x M 3 x S 1 are the 
D3-branes stretched along A 5 x R 3 and orthogonal to the dual circle S* 1 with the dual radius 
R = a'/R. In the presence of the non-trivial Wilson line Eq. ( |1.11| ), the D3-branes become 
separated |4{| by the distance 2na'v along the dual circle, which is equivalent to Eq. (|1.12j ). 



In the M = 4 theory the D2-branes are BPS configurations and consequently, when at 
rest, there is no interaction between them. Thus, their separation along the dual circle is 
arbitrary, i.e. v is an arbitrary modulus. In the M = 1 theory, the D3-branes are not BPS 
configurations. In the next Section, via an explicit calculation of a superpotential, we will 
prove that they actually repel each other. Geometrically this implies that the two D3-branes 
stay at the opposite ends of the dual circle and consequently v = n/ (3. Hence, the classically 
flat direction is lifted precisely in the manner predicted by Eq. ( |1.13| ). 

The previous set-up described in the context of SU{2) can be immediately generalized to 
SU(N). We now have N D3-branes positioned along a circle and repelling each other; hence 
one expects 

aj-a j+ i = ——mod — , j = 1, 2, . . . , N , (2.15) 

iN(3 ip 

and hence, (|1.7|) . The iV types of the monopole-like configurations are composed from N — 1 
standard BPS monopoles represented by the Dl-branes of minimal lengths stretched between 
the adjacent u th and (u + l) th D3-branes, u — 1, . . . , N — 1. The KK-monopole is the Dl- 
brane stretched between the N th and 1 st D3-branes. The instanton, as before, is the closed 
Dl-loop around the S 1 direction. 



Ill Evaluation of the Superpotential 

In this section, we will determine the superpotential of the Af = 1 supersymmetric SU(2) 
Yang-Mills theory on M 3 x S 1 . The superpotential is trivial in perturbation theory, but 
receives non-perturbative contributions as described in Ref. ||43|| . Contributions arise from 
both types of monopole: BPS and KK. As advertised earlier, the classical moduli space ( |1.12|) 
will be lifted by the superpotential in accordance with Eqs. ( |1.7| ) and ( |L13p . 



In the presence of a non- vanishing VEV v, fields with isospin components not aligned 
with the scalar VEV Eq. (pll) , acquire masses m oc v via the Higgs mechanism. The 
massless fields are consequently the U(l) projections and A 3 of the non-abelian fields 
and A a , a = 1, 2, 3. Moreover, since x 4 is periodic, each field can be Fourier analyzed as an 
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expansion over the discrete Matsubara frequencies u n = 2im/l3 with all the n ^ modes 
being massive Kaluza-Klein modes. The n = modes correspond to the fields independent of 
the £4 coordinate. Thus, the classically massless degrees-of-freedom are the ^-independent 
U(l) fields A p (x u ), 4>(x u ), x( x u) and x(x u ) definedP] as in Appendix A of Ref. [jSOfl : 



A p = Al : for /i = 1,2,3 , (3.1a) 
<p = A\ , (3.1b) 

Xa = + , Xa = -^=(Xl-Xl) • (3.1C) 

Here \ and \ are the Majorana two-spinors in three-dimensions. The classical action for the 
massless fields can be read-off from the four-dimensional action of Af = 1 supersym- 

metric Yang-Mills (cf. 0): 

ST = 4 / d z x{\F, u F^ + - ± X <9 X - |x<%) , (3.2) 

where 9 = 7 M d At , and 7^ are the three-dimensional gamma-matrices. The presence of the 
monopoles in the microscopic theory means we must also include a surface term S B t in the 
action (|3.2| ): 

Srf = / ^ ^ up d,F vp . (3.3) 



Due to Dirac quantization of magnetic charge 

1 



q = — I d 3 x e^d^ G Z , (3.4) 

S7T 



in (|3.3p cr is a periodic Lagrange multiplier variable with period 2tt/(3. 



Following Polyakov |^2| an equivalent dual description of the low-energy theory (|3.2|) and 



(|3.3|) can be obtained by promoting a to be a dynamical field a(x). This field serves as 
the Lagrange multiplier for the Bianchi identity constraint. The classical action for massless 
fields then contains the terms 

(3 J d 3 x(^F^ - i^ vp d»F vp + •••)• (3.5) 

At this stage the photon field-strength F fll/ (x) can be integrated out, and the resulting classical 
massless action reads 

S c i = 4 / d 3 x(^jd^ + \d^<j> - \ X dx ~ \xdx) , (3.6) 



8 Note that the calculations in Appendix A of Ref. |30[| and the details of the comactification to 3D were 
given in Minkowski space with X3 and not 2:4 being the compactificd direction. Here we analytically continue 
the results of (|(]] to Euclidean space. 
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where we have introduced the dual photon scalar field j(x): 

j(x) = £ a(x) . (3.7) 

This action is invariant under infinitesimal M = 2 supersymmetry transformations in three 
dimensions: 



It is more convenient for our purposes to use a more compact form of Eqs. ( |3.6|) and ( [3^8 
involving the complex complex scalar Z and fermion 



Z — cj) + ij , Z — — , 
in terms of which the action is 



(3.9) 



S cl = ^ J d 3 x(^Zd^Z , (3.10) 



and the supersymmetry transformations are 

5Z = V2e a V a , 6Z = V29 a y a , 
5^ a = V2(6d) a Z , 5^ a = V2(6d) a Z 



(3.11) 



where we have introduced the infinitesimal supersymmetry transformation parameter 6 a = 

Non-perturbative quantum effects will modify the classical action for massless fields, 
Eq. (|3.10|) , by generating a superpotential W(<&) and VV(<I) written in terms of the chiral 
and anti-chiral M = 1 superfields: 



$ = Z + V26 a V a + e a e a T , 

(3.12) 

$ = Z + V26 a V a + 6 a 8 a J r . 

With the addition of this superpotential, the resulting quantum low-energy effective action 
reads 

S eS = S cl + ^ J d3x (J d 2 0W{$) + J d 2 0W($)) . (3.13) 
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As usual, the scalar potential V e g is determined by the derivatives of the superpotential with 
respect to the scalar fields 

dWdVV 

v « = » = (3 - 14) 

The true vacuum corresponds to the minimum of V e &. In general V e g > 0, and supersymmetry 
is unbroken only if the vacuum solution has V e s = 0. 

We are now ready to calculate the superpotential W($) and hence the true ground state 
of the theory in the semi-classical approximation. Since the standard BPS monopole and the 
KK-monopole have two fermion zero- modes apiece, Eqs. (|2.8j ) and (|2 . 1 1|) , they both generate 
mass terms for classically massless fermions while the corresponding anti-monopoles will 
generate a mass for \]/: 

£ mass = + = m*A 3 A 3 + m*A 3 A 3 . (3.15) 



The supersymmetric completion of (|3.15[) in the low-energy effective action will give the 
superpotential in question. The masses (|3.15|) are determined by examining the large distance 



behaviour of the correlators 



cQ(x,y) = (A 3 (a;)A 3 (y)) , (3.16a) 

G { aj(x,y) = (Ai(x)A 3 (y)) . (3.16b) 

Using the LSZ reduction formulae, somewhat along the lines of Ref. [fi3"1, we find 

G^(x,y) -> 2m* (3 j d 3 XS F {x - X) ap e" s S F (y - X) ps , (3.17a) 

G%(x,y) - 2m^f3 J d 3 XS F (x - X) ap e" 5 S F {y - X) ps . (3.17b) 

Here S F (x) is the massless fermion propagator in 3D, or, equivalently, the Weyl-fermion 
propagator on M 3 x S 1 with zero Matsubara frequency: S F (x) = / ~y fl x tl /(47r\x\) 2 . 



We first consider the contribution of a single standard BPS-monopole, (|2.5|) and (2^), to 



(\i(x)\$(y)) BPS = I d^X^(x)Xf(y) , (3.18) 



where A^ D (a;) is the large distance (LD) limit of the fermion zero modes (|2.8| ) as computed 



in Appendix C of Ref. |30 



Xf(x) = 8nS F (x-X) a % , (3.19) 
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and c?/i BPS is the semiclassical integration measure of the standard single- mo nopole on M 3 x S 1 : 

BPS 

(3.20) 



I ^ BPS = M 3 V e-^s / ^-[s 2 S BPS ] 3 / 2 / ^[^5bps/- 2 ] 1/2 / ^ 



This measure is obtained in the standard way by changing variables in the path integral 
from field fluctuations around the monopole to the monopole's collective coordinates: X M 
(position), Q ([/(l)-angle) and £ Q (Grassmann collective coordinates). The relevant Jacobian 
factors in ( |3.20| ) are taken from Ref. |30[. In contradistinction with the 3D calculation of pO 



our present calculation is locally four-dimensional, i.e in the path integral we have integrated 
over the fluctuations around the monopole configuration in M 3 x S 1 . Thus, the UV- regularized 
determinants over non-zero eigenvalues of the quadratic fluctuation operators cancel between 
fermions and bosons due to supersymmetry as in Ref. f52|.|] The ultra-violet divergences are 



regularized in the Pauli-Villars scheme, which explains the appearance of the Pauli-Villars 
mass scale M PV to a power given by — rif/2 = 3, where rib = 4 and rif = 2 are, respectively, 
the numbers of bosonic and fermionic zero-modes of the monopole. Collecting together the 
expressions in Eqs. fl2.9|) , (|3.17a|) , (|3.18| ), ( [3.19|) and ( |3.20|) , we find the single-monopole 



contribution to mq, is 

A-jr 

m| PS = 167r 2 /3 2 M 3 v exp[-— (3v] . (3.21) 

9 

This expression ignores the contributions of monopole-anti-monopole pairs in the back- 
ground of the single monopole configuration and since monopole-anti-monopole interactions 
are long-range (Coulombic) their effects are considerable and must be taken into account. 
This is precisely the famous Polyakov effect [Q and fortunately there is a very elegant way 



to incorporate it. The interactions of a single monopole with the monopole-anti-monopole 
medium can be taken into account in a way by simply coupling the monopole to the mag- 
netic photon j(x) (or a(x)) introduced earlier, in Eqs. ( |3.3|) and ( |3~7l) , and at the same time 
promoting the VEV v to a dynamical scalar field <fi(x). The coupling of the dual photon to 
the monopole of magnetic charge q is dictated by the surface term in Eq. (|3.3| ). Naturally 
enough, one is instructed P2|,|43[] to change the action ( |2.12| ) of the original semi-classical 
configuration as follows: 

87T 2 , BVs 87T 2 /, @4>{x)\ „ , s , > 

g z 2tt g 2tt / 

This means that the mass becomes a local coupling: 

Att Att 

m| PS (x) = 167r 2 /? 2 M p 3 v exp[-— ^(x) + i— (3j(x)] . (3.23) 

9 9 



9 In order to invoke the result of [g2| one needs the self-duality of the solution, a covariant background 
gauge, four dimensions and supersymmetry. 
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It is straightforward to derive the single KK-monopole contribution to m^. It is obtained 
in the same way as the expression on the right hand side of (|3.21|) , but instead of S BPS in 
( ggOP one has to use S KK of (CT)fl 

Att 

m| K = 16vr 2 /3 2 M p 3 v exp [- — (2n - 0v)] . (3.24) 

The total mass coupling m^{x) is then given by the sum of the standard BPS- and 
the KK-monopole contributions, each embedded into the dual magnetic field theory as per 
Eq. (13-221 ): 

mq,(x) = 16vr 2 /3 2 M p 3 v 

x ( exp [- ^P<p(x) + i^(3-/(x)] + exp [ - + ^/3cp(x) - i^(3j(x)]) . 
V q 9 9 9 9 / 

(3.25) 

In the second term above, we used the fact that the KK-monopole has q KK = —1 and k KK = 1. 
Denoting the overall coefficient in (|3.25| ) as M: 



M = 1Qtt 2 (3 2 M; v , (3.26) 



and making use of the complex scalar field and fermion of ( |3.9| ) we finally get the following 
expression for the mass term: 



£ mass = -y*(aO*(x) ( exp [ - Z(x)] + exp [ - + Z(x)] ) . (3.27) 
This coupling corresponds to a superpotential VV($) term in ( |3 . 1 3[ ) of the form: 

*<*> - G$) 2 M M - ^ + exp [ - ¥ +i f^) ■ (3 - 28) 

Equivalently, the anti-monopoles generate the hermitian conjugate: 

w <*> - & M t- w - f + ^*i) • < 3 - 29 > 

With the expression for the superpotential in hand, we can now calculate the scalar 
potential Q3.14j ) and determine the true vacuum state of the theory. Consider 

dW Mg 2 / r 4tt/3 71 f 8vr 2 4^/3^ 

^ = W = (exp[--^Z] - exp[- — + _Z]j . (3.30) 



10 This is because the KK-monopole is gauge equivalent to the standard monopole with a 'wrong' VEV as 
explained in the Sec. II. 1 
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The supersymmetry preserving vacuum (Z) = ((f)) + corresponds to 

H(z)) = o =► (z) = 1, (3.31; 



which corresponds to the scalar VEV ((f)) =v = ir/(3as predicted in ( |1.13| ). 



Note that since (7) = the dual photon does not condense, as expected. What is much 
more interesting is that the dual photon becomes massive, 

V eS ((f)=-, 1 (x)) = 2 ^— J eX p[-— J (1-008-5-7(0;)) , (3.32) 

which implies confinement of the original electric photon and the corresponding disappearance 
of all the massless modes. 



IV Gluino Condensate from Monopoles 

In this section, we use our description of the quantum vacuum state of the theory to evaluate 
the monopole contribution to the gluino condensate. 



IV.l Gauge group SU{2) 

We are now in a position to directly compute gluino condensate in the 577(2) theory. Firstly, 
we evaluate the standard BPS monopole contribution to (trA 2 ): 

{ t rx\ n = m p \ e -»- / ^i^r [ ^Ly wr" 4 



where we have used the expression fl3.20|) for the monopole measure. To evaluate (|4.1|) , we 



use the normalization of fermion zero modes from Ref. |30| 



J d 3 X J d 2 i tr (A BPS a (x)\l PS (x)) = 2S BPS £ . (4.2) 



A straightforward calculation gives 



/trA 2 \ l/^ ir , r ^ 2 f3v, , v 
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The KK-monopole contribution is obtained by changing S BP3 — ► ^kk in the BPS-expressions 
above to give 

/trA 2 \ 1 , Bv, r 8tt 2 8n 2 Bv 1 , A A . 

= 2 T) ^exp[-^ + ^] . (4.4) 

The expressions (fO) and (|4.4j) explicitly depend on the UV-cutoff M PV and do not appear 



to be renormalization group invariant. However, it is pleasing that in the true ground-state 
established in the last section, this worrisome dependence disappears. At v = ir/3, we get 

trA 2 \ /trA 2 \ r 4vr 2 

Finally, introducing the renormalization group invariant scale A PV of the theory via 

471-2 

M 3 v exp[- — ] = A 3 , (4.6) 
9 

and adding together both monopole contributions we obtain a value for the gluino condensate: 
This is precisely the value obtained in the WCI approach (|l.lb|) . 



IV.2 Generalization to SU(N) 



The calculation of the superpotential and the gluino condensate can be straightforwardly 
generalized to the case of SU(N) gauge group. The quantum vacuum has 

a - - a j+1 = — — mod — , j — 1,2,... ,N, (4.8) 

iNp ifj 

and so each of the A" types of monopoles (N — 1 standard BPS and one KK) have equal 
actions and equal topological charges: 

'S'mono TT o ) Qmono "T7 ■ (^-9) 

A g z A 

The contribution of a single monopole to the gluino condensate will be, in analogy with 
Eq. @, 

trA 2 \ / trA 2 \ 1 - r 8tt 2 



sLi^L^^'-v 1 ' (410) 

The first coefficient of the /3-function is now bo = 3N and the analog of ( |4.6|) reads 



?7T 2 



M p 3 ^exp[-^] = A 3N . (4.11) 

Finally, the total contribution of the A" monopoles to the gluino condensate, as in SU(2), 
reproduces the WCI value Ql.lbf) . 
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V Discussion 



More than twenty years ago Polyakov |42| famously observed that in three-dimensional gauge- 



Higgs theory without fermions the magnetic photon 7(2) gets a non-zero mass due to De- 
bye screening in the monopole-anti-monopole plasma. The mass term for the dual photon 
then implies confinement of the original electric photon. A naive attempt to generalize 
this mechanism to four dimensions by simply substituting the three-dimensional instantons 
(i.e. monopoles) with four- dimensional instantons fails, since in four dimensions instantons 
and anti-instantons have a dipole-dipole interaction which is short-ranged and hence, the 
instanton-anti-instanton medium cannot form a Coulomb plasma essential for Polyakov's 
Debye mechanism. However, it has been suspected for a long time that instantons and anti- 
instantons can be thought of as composite states of more basic configurations — instanton 
partons — which would have long-range interactions and lead to a Coulomb plasma and to 
the Debye screening. 



In this paper, following earlier ideas of 0-0], we have identified the instanton partons 
with monopoles in the four-dimensional gauge theory compactified on I 3 x S 1 . The Debye 
screening in the monopole plasma induces a non-zero mass for the dual photon. Hence, we 
have successfully generalized Polyakov's mechanism of confinement to the four-dimensional 
super symmetric gauge theory compactified on K 3 x S 1 . 



As the VEVs in Eq. (|1.7|) are inversely proportional to the radius /?, the theory becomes 
weakly coupled at small j3 and can be analysed semi-classically. To return to the strongly 
coupled theory in Minkowski space, we need to consider the opposite limit of large (3. Since 
all the F-terms are holomorphic functions of the fields and since the VEVs of the fields ( p..7[ ) 
are holomorphic functions of /3, the power of holomorphy |53[ allows to analytically continue 



the semi-classical values of the F-terms to the strong-coupling regime. 

As a useful practical application and a test of monopole physics in I 3 x S 1 , we have 
calculated the value of gluino condensate and taken the decompactification limit to reproduce 
the WCI result. 
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